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of : vrrixtrrens. 2 nt 


: E a point $ be aſſumed in thi line LZ, 4 710. 
LLEFELD be drawn perpendicular to it; then if 1. 
a * M move parallel to LZ, inteiſecting another 
line SH revolving about 5, fo that MP may be — 
equal to SP, the curve paſſing through all the 1 inter- 
ſections P is called a Parabola. : 
Cor. Hence, the curve cuts LZ in a point 8 
which biſects LS, and A is called the Vertex. Allo, 
the two parts of the curve on each ſide of MZ are 
ſimilar and equal. prog CET i 
2. The point & is Called ihe . r 
As 'The line AZ is called the 400 and any? "line 
Pa parallel to AZ, 15 . e d A Diameter. Toll 3 
4. The line ED is called the Drrettrir. 55 
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ON THE PARABOLA. : 


b | 
called an Abſciſſa, and PN an Ordinate to the axis. 
6. If 2/ be drawn parallel to a tangent PT at P, 
P/ is called an Abſciſſa, and 2Y an Ordinate to the 
diameter PM. Alfo, TN is called the Sub-tangent. 
7. Four times the diſtance PS, is called the Latus 
Rectum, or Parameter, to the diameter PW. And 
the latus rectum to the axis is called the n 
latus rectum. 

8. If PG e to the curve, it is called 
the Normal; and NG the Sub. normal. RP ou $i 


Prop. I. 


The diſtance of. the focus from any. point. of the curve, rs 
equal to the ſum of the abſciſſa belonging to that Point, 
and the diſtance of the vertex from the focus. 


For (Def. 1.) Spe =PM = (as MPNL is a paral- 


| lelogram by conſtr.) NL=AN +AL 42 + AS 
, 3 1. A}: x 


PG 4 
C340 3c — * 4 1 


; Pride: 1. 


1 he di Hauce of. the vertex, from. the "focus, is equal fo 
one fourth of the princi pal * rectum. 15 


Dr C8B perpendicular to 4 23; "thin when P 

comes to B. N coincides with 8, and (Prop. 1.) 

175 SA SA 28A; therefore BC= (Def. 1. Cor.) 
B 


| =454 the latus 6e . 2 to the axis, or the 
| 5 latus e 1 1 


N 

e 
3 
* 


Por. 


CC 
8 IM. . 
The es of any ordinate to the axis, is e to the | 
aff ee into the principal latus refkum. 7 


Kor: 73 1. SP= AN + 48 (Prop. 2.) AV. 
4 BC; and NS = AN = SA = AN — x1 BC; hence 
(Evcrip, B. 1. P. 47.), NP = SP = SN* =  - 
AN+EBC—AN= BC B x AN = = (Prop. 2.) 
4 AN = Lx AN. Oh 

Cor. W BC * conſtant, AN vaties as 
NP. 


1 5 8 Prop. Iv. 5 : : 
If PT bie the 1 SPM. it ill be ingen zo 
the parabola at P). 


Join SM; this as SP=PM, SPL Mps, vie. Bo 


and u is common to the triangles SPn, MPn, Sn = ** [+ 
nM, and the angles at # are right angles (Eve. B. 1. 1 
P. 4. and D. 10.). Now if PT be not a tangent, let — 
2 it cut the curve in ſome other point p; join Sp, Mp, 1 | | 
and draw mp perpendicular to mL. Then as Mu ns, = 
4 Mup= L Sup, and np is common to the triangles \ ' 
p Mnp, §np, we have Mp=8p; but, by. conſtruction, 2 g 
b mp Sp; therefore Mp= mp, or the hypothenuſe = =_ 


9 the perpendicular, which is impoſſible; therefore PT . +. „ 
10 cannot meet the curve at any other point than P, and 

q conſequently is a tangent to it at that point. ie 
Cor. 1. A n at the vertex 4 is eue 


—_— 


'P. to the axis. 1 
I DT. con. 5 
85 e EI 0 2 | 4 
N N i Wt 97 5 f . | - "8 4 

a | MRS, Og 4 
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ON Tk PARABOLA, 


Con. 2. As MP is parallel to TS, the LMPT= 
LE PTS, therefore 4 PTS=4 SPT; hence, SP=ST, 
Cor. 3. As Y2 is parallel to PT, the C TPX= 
LE PXV, and 4 PYX L MPT; but MPT 
L TP; therefore P X= LPV; 5 PX= = 


PROP. v. 


The ſtage is equal to foe the 40 8 WO 


For (Cor. 2. Prop: 4.) T'S= $Þ= Nn 175 \ AN 
+AS; take away AS from both, and TA=AN ; 
therefore TN =2 AN. ed 

Cor. If 2 be produced to meet TZ in O, then 


the triangles TPN, OV are ſimilar, and N P= GF 
therefore OGS IN = 2AN. 


Prop. VI. 


a The ſub.- normal is 3 to half the principal 2 rectus. 


For the triangles TV, NGP are fimilar (Eve. 


B. vi. P. 8.), and hence, TIN: PN :: PN: N= 


TN 


= (Prop. 3. and 5 e =480= (Prop. 2.) 


AN 


* : the principal latus rectum. 


Con. As (Prop. 4. Cor. 2.) ST=8P, and the 


angle TPG is a right angle, a circle whoſe center is 


S, and radius ST, will paſs through P and G; be: 208 


the angle TSP =24. T (OT B. 111. P. 20. ). 
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. LY 4 F « ? 4 - 
F #, . Y 0 4 1 TW 
Fig 4 £ » . y * f * 4 x ? C ” N * 

, 8 > * ” 1 | * 8 * 
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„ | Pror. vil. „ | 
The a 2 the n, 10 any diameters is equal to. 
it's n 3 into the „ | 


"Pig bits 2 draw EAD e to Az, meet- 
ing WP (produced if neceſſary) 1 in D. A 


Now 0P=0G-GE -e ben. 15 cor) 
| AE=AN+NG— GE. a 
 TN*=OG* = 4AN* (Prop. 5. Cor.) 
3 448 * AN (Prop. 3.) 
n 4ASXAN + NG\ TE, 


U 


by ſimilar triangles TNP, OE, 1 eh be 


TN*: NP* :: OE* : EN, that is, . 3 
4AN*: 44 AN. 211 GE N MSE. 
or, . 2 4 GE : : AN+NG— GE; 

| . 8 


Ed 0 33 21 59014 


Matiph enrems nd meas, and eg n TY, 
"44 x ogra ES 5 vgs 


A Shiiike triangles OGY, b. | ; : - 
:G Vu :; 1 D*, that! is, e ange 4.\ 1 


139 1 J | \ 


A lor Av AN pee ho 


hence, 2* K D; De- (Eve: B. 1. P. 47.) = -4AN" 8 8 


NAA e Wn NG = ai Pr 
(OOPS | I 12 


FIG. 
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ON THE PARABOLA, 


If 25 be Las. to meet the curve at 25 and 
2/E' be perpendicular to AE”, then OE'=0G+GE,, 
and AE'= AN +NG+GE"; and by the oy” ſame 


| eps, we get 2/*=48P« PY. 


FIS. 
2 


Cor. 1. Hence, J therefore every lin | 


CES is biſe&ted by the abſciſſa PY. 


Con. 2. When the point P is given, 45 is con- | 


flant ; ; hence, for the fame diameter, the abſeiſſa varies 


as the ſquare of the ordinate. 


Cor. 3. If 21 be drawn parallel to FA then 485 


x 21=PI*; hence, when the n Pj is , 217 
varies as PI. Xx 


) 


dr VIII. e 
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8/2 a ee from the focus be let fall on 4 tangent 7 
at any point of a parabola, it will: be a mean proportional 


between the diſtance of that point from the focus, and "EG 


aifance -& the vertex from The 1 875 e NT 


As FIR 2, "Pugh ay $P= 67. the e 
S muſt biſect TP; of” TY =7P; but (Prop. 5) 


A= AN; therefore (Eve. B. vi. P. 2.) AY is pa- 
rallel to PN, and conſequently perpendicular to the 
axis. Since therefore S a8 perpendicular to TY; and 
YA perpendicular to T8, the triangle; SY A is ſimilar 


to STT (Eve. B. vi. 25 8. th, 9 or to 2, and . 
::: : SA. e 


Con. 1. Hence, SY. $4 :; 5p. 
Colt a. As 65 . ne $4 is conſt; 9? 


4 * s . % { 
„ b 5 8 | 
a : : * 
\ , Ld ” 1 
5 a 1 [ 


on TRE, PABABOL Ar - 
con. 3. As ST*=$A x PS, therefore 4872 = . 
NM PS= * 2.) BC x <a 
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9 — — bi "I DEFINITION. | 8 . ITE FI . | 


at P, and TP a tangent at P; draw Rg cutting PH 
in 2; then if R2q move up to P, and the limiting 


ratio of R2 : Rg be a, a ratio of equality, t the circle is 


fad to be 5 Circle 7 Curvature to the curve P Wat P. 


* 1 W 4 — F ; 1 . * N x : * 
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| LEMMA. Wok Ne 
1 Py par ale to Ra, and ja. ya Pg; 


when q R. mbve u” 10 P, Py is equal to the 1255 | 
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be triangles PR 4 Boh are ſimiler, fer the: angle 


R= the Alternate angle 2 u, and the angle NBg 
berwren che chord and tangent es e 


» MIPTS.+ 135 1 785 5 7 
but by Sir I. Næww rows Princfia; Lib. u. Lem. Fi 
the hint of theb chord g P-tor1ther are g ib à ratio 


| * equality z and 'the-litrilt af the atg 4 P to che arc | 


22. is & ratio of equality, becauſe (W. ,t the ſame 


emma) the limit of each to PR is a ratio of equa- 
lity; alſo (by the, above Definition), the limit of R 


gan 'R 


: RNis a ratio of equality; hence, -w 
move up to P, Po is * to che un 
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* 1 4 * 7 4 ; i p $ : 
\ g 8 P q 
| | | CROP 
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10 PW be any curve, Pf a cirele touchüng it pig, ll. 
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As any point P of à purkbold, the Ant psv of the 


1, ciycle curvature, paſſing through the * 15 f fo 
h 5 latus TOE e 5 2 185 | 85 | 


(News. Prin. Lib, 17 1 Cor. 5 limiting 
0 


31 8 N 


6 i XY: 2% 5 
. Draki 25 parallel t to 15. * Prop. 7. 4 = 5 7 

= (as 2R=PX=PP Prop 5h Cor. 3: 9 = but 

. Ws I | 8 


1 18 U 


ratio of 27 to 29 is qui hi therefore 


\ \ 7 
ie fv q * x 


o of e 


ultimately when 2 moves up to ?, 48P = N -=Po 


by the Lemma. | e 


Con: Draw of perpendicular to vl mesting PF 


| perieatlicalar to PT in F, then PF is the di et er 


of the cirele of curvature; becauſe P being the 
chord of that circle, and the angle PvF a right angle, 


11 FF 


it muſt be an angle in a ſemicircle. Draw $7 per- 
pendicular to PT; then the triangles/ SPZ, PF are 


ſimilar, being right angled at and: u, and having 
the alternate angles N PF e e ST 3 $ 


C15 : 
. 91181 8 
Po (49?) PF = yo 1 2 S2 
87” 77171 
4 7 1 5 4 ** 17 f f 
11 f 1 s 0 L 13 1 a 1 } { +4 % 
48 pt „ 
Prop. 8 0 757 e 
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Tet two parabolas AY, AZ, be Aeſerited on 185 * FIG. 
axis AX, to which NPQ. is drawn. perpendicular; then. 5* 


if the lines PS, QS, be draton to am point S in the axis, 
ay" area VEE Or: * to 1 area APS in a N ratio. 


For (Cor. Prop. 3 ) E varies as AN, and pv⸗ 


varies as AV; hence, 2N*. yaries as PN*, conſe- 


quently 2 N varies as PN. Draw gp" indefinitely 
near to 2PN, and the areas Vg, NPpn will be 
the increments of the areas A2N, APN; but VN 
is to NPpn ultimately as 2N to PN, becauſe their 
baſes are equal; hence, the areas 42 N, APN begin- 
ning together, and always increaſing in the given ratio 
of 2N to PN, the areas themſelves will be in that 
ratio. But the triangle S 2M is to the triangle SPN 


as AN to PN; hence, AQN — S2N is tor APN -—. 


SPN, that is, 425 is to APS, as AN is to PN, or in 
a given ratio. If N be between 4 and 8, then 428 
= A2N+82N, and AÞS= eee and the 
- fame conchiſion follows. 1 Pt; 157 14D» of ele 
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draw. tie langen Qs, and lei S V be parallel to the axis, 2 
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| 1 a ox THE PARABOL A. WO 
For (Prop. 7. Cor. 3.) TP: SV:: 2T* ; 28 by 
(by fim. tri.) T 95 « therefore 28 JEN ws 
and SV 1 TR:: TR: TP. 

Cox. 1. Bovavife TR: TP = S: FR tt by 
an. tri.) 2) : AR, we have, by diviſion, PR: IP. 

RV: R2; hence, 2Y, * N at Rand 


Pi in the ſame ratio. 


Cor. 2. If R biſe& 27, FR 8 Dp. 1.) 
PR is an abſciſſa to the ordinate 2R, Sad: 2Ri 8 pa- 


rallel to a tangent P at P (Def. 6.). . Now as RT 


FIG. 


=R2, PR= TP (Cor. 1.); hence, TW N. 
Reaſoning i in the fame. manner for a Agent at 7 


as at 2, it appears er a ONO: at V _ ng 
| through'T. Fi iki K 


6 ; 
1 * re 
: $8 * ” bt 
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35 a cone HXY Weiche by a HR ZW 3 10 
a plane touching the fide XH of "mw cane, ne ie Keie, 


5 FZW will hs a parabola, 


Let AECP bs 2 ſection of thi cone 3 Ps 5 


1 Y whoſe diameter (the ſection being. a circle). in. | 


terſects the axis FR of the figure FZ, in B, and 
whoſe circumference cuts the curve FZ terminating 


the ſection FZ V, in E, and join BE; then, by the 
property of the circle, AB x BE=BE*. Draw 6 * 


068k to ABC, and then 4 B = 0 a conſtank Bo 


IT. 


FR i is paralle, the triangles H GE, FBC : are. fimilar, 


and. HE GP x: FB + C GEE: the reſore 


. x FB. 


* * C x 
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Cor. Prop. 3. 


BE; but GF and H G being conſtant quantities, 
the abſciſſa FB varies as the ſquare of the ordinate 
BE; therefore the curve is a parabola, as appears by 


\ 


:* 


d . : 4 1 j % > f 
k * 


Hence, according to our definition, the Parabola | is 


a conic ſection. 
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THE ELLIPSE. 


DEFINITIONS. 


1. * Jb. two e lines tins Hb, revolve about two 
fixed points S, H, and continually interſect each 

other in a point P, ſo that SP+ HP may be a con- 

ſtant quantity, the curve deſcribed by the point P is 


called an Ellipfe. * 


2. The points & and ¶ are called Faci. 
3. The right line AM paſling through the foci 8 


) 1 9 by the curve at 4 and 007 1s called the 
55 mar. 


. If AM be biſeQted in c (which Is called as 


Calle), and BCD be drawn perpendicular to the axis 
major, and terminated 105 the curve, it is called the 


* minor. 


5. A right line LST paſſing hiv the focus & 
perpendicular to the major axis and terminated by the 
curve, is called the Latus rectum. | 
6. If PCG be a right line. paſſing ch the 
center G, it is called a Diameter. And if D be 

drawn 


on THE ELLIPSE. — „ NNE. 


ll parallel to a tangent RP at P, it is. called a - 
conjugate Diameter to the diameter PC C. Allo, FCS, 
DCF, are called conjugate Diameter. 

7. If 2Y be drawn parallel to a tangent at p., it is 
called an Ordinate, and GY, P are called Abſeiſſss. 

8. If Ty bea tangent at 1 meeting the axis MA FIG. 
produced ji in 7 and the line * be draun perpendi- Ch 
cular to MY, that line is called the Direrix. 

1 PG be drawn perpendicular to the ellipſe FIG. 
APM at any point P, and PN perpendicular to the *** 


axis AM, then PE 1 Is is called the Narmal, and NG the 
Sub-normal. 


* 1 N ; e , * \ " ; j 
4 ' ' 


PRO. I. 5 : ; ö | . . 


8 * 9 two right lines drawn from the fc to any ns | 
pojnr of the aurve, FD equal to the major. . 


For conceiving the deſcribing point P to come to 10. 
A and M, we have, in the former caſe, the ſum of hs 
the lines drawn from S and H equal to HA+AS= 
SH+24AS, and in the latter caſe, the ſum is equal to 
SH Zz HM, hence (Def. 1.), SH+ 2AS=SH+ 2HM, 
Z conſequently AS=HM; hence, HP+PS = HA 
+AS= = HA+HM=AM, or =2AC. 


Cox. 1. Hence, $C= CH. 
Con. . * tranſpoſition, HP = -24C cr. 


{ 


uh 


? 
N 
ö 
' 
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PRor. II. 


of the drawn from either of the foci to tie extremity of 
the axis minor, is equal to the ſemi-axis major. NY 


For the triangles HCB, SCB, have S C= CH (cor. I. 
Prop. 1.), BC common, and the angle $ CB the 


angle ' HCB, therefore (Evc. B. 1. P. 4.) SB=BH; 


but (Prop. 1.) SB+ BH=2AG; theretore 2AC= =2SB; 


conſequently AC= 8B = BY. - 


Cor. Hence, MS x SAB. For BC'= B38 
5c. 48 -C = AC+$C x AC- -$C= MC+SC x 
AC SC= -MS x SA. 


Paor. IH. 


The latus reftum is 4 third proportional to the axis 
major and the axis minor. 


Buy Cor. 2. Prop. 15 LH = 240 SL; a 


HS+SL*=LH*=4AC*— 4AC x SL +8SL7, therefore 
 HS*+4A4Cx SL =4AC* = (Prop. 2.) 4SB*; hence, 


FIG. 
9 


440 Xx SL =4SB* — HS* = (becauſe 2SC= HS) 4SB* 
—4SC*=4BC*, therefore 240: 250 :: 2BC : 2SL, 


| | ; or AM : BD :: BD: LT. FX” 


. IV. 


F SP ze produced. to m, and the 1. Ane vrw 
biſeft the angle HP m, it will be a tangent 70 the . g 
at the _ P. : 


For 


FA, 


on THE ELD PSB. „„ 15 


For nabe pn PH. and join Hm; that m mP =PH, 
An PU L H pn, and Px common to the triangles 
mPu, HPn, we have mu= Hy, and the angles at u right 
angles (Evc./B.'1, P. 4. and D. 10.). Now if PF be 
not a tangent, let it cut the curve at ſome point 2, and 
join 2 H, Am, 28. Then as My=#H, the angles at 2 
Tight angles, and #2 common to the triangles n 2, 
Hu, we have m2 = H. Now (Euc. B. 1. P. 20.) 
S2 ＋ 2 1s greater than Sm, or greater than SP+ Pm, 
or SP+PH, or AM (Prop. 1.); therefore $2+2H 
is greater than AM, conſequently 2 is not a point in 
the curve (Prop. 1.); therefore as VP M, cannot meet 
- * curve at any other point, it muſt be a tangent. 
Cox. 1. A tangent at A, or M, is perpendicular to AM. 
Cox. a. As the angle n PH = opp. angle SPY, we 
have the angle HPI], = the angle SP; that is, two | 

right lines drawn from the foci to any point of the 
curve, make equal angles with the curve. 
Con. 3. Complete the parallelogram S PHH G; ; then. 
$6+GHESP+PH=4AM; therefore (Def. 1.) G'is 
a point in the ellipſe; and as the diagonals of a paral- 
lelogram biſect each other, PG paſſes through the 
enter C of the cn; Hence, the center biſects all 
the diameters, VI 

Com 4. Draw the tangent Ot at the pride GT. 

Then the £SPH=2 SGH; but as . SPY 
L HPV, the £ SPY = 4 ſupplement of Z SDH; 
for the ſame Teaſdn, the 47GH = { ſupplement of 
SGH; hence, 4SPF=LtGH; = as SP is ba- 
net to GH, tG muſt be parallel to ' i ON 


— 


Con. 5. The part PE of the line PS 1 FIG. 


8 any peint P and the conjugate diameter 10. 
D ts equal to AC. Vo or aer HI parallel to 
| 5 5 Dck. 
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ck, and PP perpendicular to it, and ceduesth, 


perpendicular to HI, interſecting HI in X. Then 
as SPI L HPW (Prop. 4. Cor. a.), the LIPK= 
. HPX, and PX is common to the two right angled 
1 PXI, PXH; hence, PI= PH. But as SC= 
CH, and CE is parallel to HI, SE = IE, or TE= 181; 

and as PI=PH, PI=z (P1+ PH), hence, PE IE | 
+PI=4 (PI + BAD PH) = * ee N . 
(ny 125 5 Ta) | | 


Prop. S> 


1 a cjrele be deſcribed on the major « axis 1 7 an Ae 

and from each of the foci perpendiculars be drawn to a 
tangent at any point of the ellipſe, they will meet it in 
La ad of tlie circlie.. * 


For let $ Y, HZ, be drawn 000 the tuo fork, SY 
pendicular to the tangent TZ at P; Join YC, produce 
H to V, making PF =PS, and Join WY. Then 
(Prop. 4.) 7 WPY = 4 SPY, and as PS = pm, | 
and PY is common to the REN 8 SPY, W P. 
mr, and 4.PYS= 4 PYVW, but the angle PY 


is a right angle; therefore P is alſo a right angle; 


conſequently ST is a ſtraight line. Now as ST 
, and (Cor. 1. Prop. 1.) SC=CH, CY is parallel 
to HW, hence, SC: CT :: SH: HM; but $C= 3SH; 
therefore CY = IHW =} (HP+PS) = (Prop.' 1.) 
+ A Ac; hence, as CY=CA, I muſt always be 


in the periphery of a circle whoſe center is C and 


radius CA. In the ſame manner it may be proved for 


the one” perpondicula Hs mt IT is in the an 
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The e aber che cayeiinlars * he fol 
upon the: Ls is equal to the e of tlie Wan 


minor. ey | . 
* F - by. 
1 4 2 * 


. l a : *. ; ” pe N * F # ** 6 . * ! 4 
> 3. oy . 4 F * or BN * * * - 4 4 1 I . _ $ 1 P 


Fo or ** ZE to meet © th cls in E, ad Joi fn. 
CE; then (Prop. f.) Z being in the periphery of the 
circle, and the angle HZY a right angle, the angle 
'YZE muſt be in a ſemicirde; E conſequently CE 
muſt be a diameter. Hence, in the triangles TCS, 
Ech, TC=EC, SC=HC, and 4 7CS= 4 ECH, 
therefore Z Hex = 7's; but by the property of the cache. 
ZH x HE=MH x HA= (Cor. RO 2. 4 BC; hence, 

| 4 SBC. LEY at A OE nes oe” Ax 
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1 1. e TI Cor. 2. ) LSPY= = 2 HPZ, 
the triangles SPY, HPZ are nk, and SP: SY x: HP: 
SY x . 


BE A , | hence, — 5 S sI * HZ * Bc 
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con. . Becauſe 5 = 2AC—8Þ? and (Prop. 3.) | 


fc. ade L, therefore 482 adCx i TA 


0 2.40 — 7 
r 75 24 
hence, Lx8P : 48 :: L 55 "21C- SP 


_ 24C- SP: 2AC, and as dear is les than 24C, | 


's. 


1 VII. EY 


15 dn urinate be uw ko the major axis, the ale 
of the abſriſſss i is to the ſquare of the ordinate, as the fquare 
1 the 8 axis ** to Phe Hare * the . minor.” 


A 2 


FIG: Draw PN perpendicular to AM, then (Def 7. * 


825 Cor. 1. Prop. 4.) PN 1 is an orgnate to the AXIS s 4M; 

take AD=PS; then 105 3 N 
PS ACD e Ned © 

. PH=AC+CD Pr. x.) Dn a nas ot” 

Alſo, NS=CS - CN | 

90 50 NH=CH+CN=CS4EN (Pr. 1 ; Ove I. Fe 

bu PH*=PN*+ NH" (Evc. B. 1. P P. 47.) 

= PN TN thats, ot 
5 SPNV CFC N 5% A 
De = PN*+GS—CN . 


fab ey 4 CD=CS* CN, . 
CSxCN. „„ 
therefore CD = — : TGT ON 
. PAH 


1 3 1 


4 1 8 1 on THE urn ren. A RT 
po- Ac. c- AC: _ E8x ON | 46: e 0 


e i g ! 
| 9 AC RK 
But: PS = PN* + NS"(Eve;'B, 1. P. 474); chat s, 


| £O=2ACKCOXCN+CO' x NN. 


=P +C8*—2C9x CN.CN?, 08 


ales botk fides' Wwe the equation by AC, and we 
get, by tranſpoſition, AC x PN. A- A CN? 
Me es 4: * C0. . = AC*- = ON. * 40e CE 


* 


AV = CN* x S n 
-Y CIC W. ACN BC. N ON x I 7 b 

* C MN AN x B 3 conſequently MN » * AN 

V. 2 MO: 305. 


ay * 5 7 3 . 

: = "We * > 1 ” 4 "x" * 
22 , is 
| By © * > 3 tn % 4 N 


$ «© 


0 i. Draw 75 Apia to BCE. Now © 
M the propoſition, Ft As hols | 


Neb NM: Vbpe z Py c VC 
or 4A nP AC TAE (AC - P.): oa. 40. : CB. 
;; OPTIO 0D. 
div. : AC. :: err: C ĩ 0 0 
alt. 1 e e -er) C : CB 
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"Gin. 2. If a circle. IE be ackeribe on the FIG, 
major axis AM: of an ellipſße, as a:diameter;. and NP 11. 
be TEE? to 2. NP ſhall be in a given ratio to V 


1 75 422 1 I * x97 2 60 


hence ar the area 4BMD of the ure. i, 0 


{> „ 


* THE ELLIPSE. | 


Ng. For by che property of the circle AN * MN = = 
N 2˙5 hence, My 


"NS: Np» . WY BO, 3 FS LF, 
and Ne : NP :: AC: D AM: BD x given. ratio. 


And by Cor. 1. it appears, that the ae muſt be true, 
if AM be the minor axis of the ellipſe. 
Cos. 3. Becauſe PN : 2N in the conſtant _ 
of BD. AM, (Cor. 2.),. therefore, for the ſame reaſon 
as In the  Parabola, Prop. 10. the area APN: the area 


APN :: PN : N:: BD : AM. Hence, the 
whole area of the ellipe : the whole area of tbe circle 


2: BD: AM. 

Cor. 4. Join 2H, PH, then the 1 Exp, 
HN are to each other as NP : N, or as BD AM; 
whence, and the laſt Cor. we have the area APH 

: the area 42H :: BD: AM. And the ſame muſt 
evidently be true, if H be Ang any e in the 


axis major. 


Con. 5. . a N to be FT ROPE * c 


with a radius  AC&BC, a mean proportional be- 
tween the ſemi-axes of the ellipſe, and let à be it's 


area; and let A= =the area of the circle ARMK; then. 
(Fs 4 9 


4; area a ABMD of lip: : AC: 2 


a: area ABMD of Ihe - op FE 


in 


h : * 75 >; i 
7 OE wa nn £ 15 1 = 6˙ 175 2 14. bo 44 0 i 
* * be . * 4 a 


K. , : 1 


. N \ . s 
ö * 2 1 
* . , ö 
39 1 L P * = OR, 
' , * . * 
„ i 4 3 
* 


ove” tin 2 

Cor. 6. As (Cor. 3. ) the whole area (A) of the 1 
ellpſe is to the whole area (3) of the circle, as the axis þ 
* | | l 

* a 

minor (a) i is to the axis o major 00. we : haye A= 2 3 i 


but B varies as P;. therefore A. 8 as b * 43 chat; is, "er 
the area of an ellipſe varies. as the product of the axis 
major and minor; but the area of a parallelogram 75 
circumſeribing the ellipſe about the axis major and 
minor, varies in the ſame ratio; hence, the area of 
every ellipſe | is in a given ratio to the area of the pa- = 
rallelogram« deſcribed about the major.and minor AXES. _— 
Cox. 7. If L=the latus rectum, then (Prop. 3.) ©, 5 
AM: BD: BD: WP 5 hence, AM: L:: AM 
e + AC : BC. 2 (by- this: prop. + MN x. AN 
| AM x, PN. 2AC * PN* 


FN, conſequently = NIN © MN x AN” 


N . 
- . = = . . 4 2 
2 — —— 9 — — — 
E wg IA : $f x Ii No 
. — — — . ,]⏑——̃ 7˖X  ro /  9s 


: EG 4 : * Pp N 
IF 8 8 - — 8 — * = — — — - 2 * 8 r 
- * ” x 8 : 7 . .. ne Eo. 
+ — 4 N - — — 5 " = - - So - — 
U —ů — — ——— — . — Am —ũͤ!— — 6s 2 4 5 Egon re <EREg = 


Con. 8. Hence, x PN*=MN x AN=AC 
(N' by the demonſtration of t the. propobition,: a 

Con. 9. If the major axis of an'ellipſe be increaſed . 

without limit, the ellipſe, at all finite diſtances, ap- 
proaches to a parabola as it's limit. For if AN remain — 
finite, and AM, NM be increaſed without Hat. 
their difference AN becomes indefinitely ſmall in re- # 
i ſpect to the quantities themſelves; ; therefore the limit of | 
N | AMXPNe 5M 
A.. NM i 18 a ratio of equality; -but L=: E I 
b l A 
1 = limit of this is "Ew IN or 7 x AN w_. 
PN, which is the property of the ns 17 Prop, 5 _ 
of the Parabola. e Te, \ 
0 5 1 i „ 55 5 B 3 1 KD | | 1 | 
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FIG. 4. a 7 be deſeribed on the major or minor axis is of a1 an 
14. ellipfe, and (when neceſſary) NP be produced to meet it at 
2. the tangents to lie circle and ellipſe as the points 2 nd 

| P tou: wean Phe axts MA 1 15 in Phe Epc en Te 


For EA 27 a tangent to the dfcle at 2, and join 
TP, and if 275 not a 3 to the llipfe, ler it 


LK, ich bet? neceſary) produce” to meet the 


circle at Þ and it's tangent at O, then the triangles 
's TNP, TEK, and TN2, o, are fimilar N 


* 
We 
”- 
ry 
4 
. 
Yo 


I. TL 5 NP : IK, © e 

: 7 TN. ITL NAI: LO. 
„„ a 
alt. NY 4 N2 be LK . 
: but NP: N2 #9 LK Lt (hee: 2. pr. 7: * 


S 
Wo 
S 


bot LO=LI, 3 . 8 Mb "i 


TP does not cut the "my and I is ad 
N to n. 5 ogy : 
Cons! By "ny B: ve. p. 8. the 2 c 
C2 T are ſimilar, therefore CV: 1 97 ( CA + dv 2 
(C4) : "OF 5 af g e . CM: 22 
9 . r \ Jo EHu! ICH FN 7 


C8x NN, 
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1 
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* 52 Oy 4 8 
- 4 * . x * 7* 4 8 * * 1 
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' Prop. IX. e 


2 


ec. 1 


Te jub-normal N G = 


* » 


— 


For (Prop. 5.) SW is is eben to Pr, and 


O is alſo perpendicular to PT, it being Def. 9.) 
perpendicular to the curve at P; therefore the trian- 
gles His, HPG are ſimilar, i HI : Hs: 4. i 208 


HS x HP. 


HG = IND Prop. LON HP =4C + 


> 4 4 


; alſo Prop. 1. Car. I. „ HS= 206, ; 3 


33 


* 


(Prop 5) a W =) 246; e H 0 = = 


= 1404 c= Ae | : 


A 
| CO AC + C8%x ON 


CG=HG- HC=HG 05 „ 


"3 


ee e. TP eben 


Prop 5 . — 23 cy 640 


2 : = DJ „ N 
Fr 7. Cor. 70 44 „„ 


obe Sh 2 | conſequently NG = c — = py : 


* 
9 


cos. By ami bas GPN, PN T, Ae «CN 85 * 
1 | N ; 2 1 ; 9 ö 1 cf 
< 10 5 5 2 % : : : ; ( 


5 1 
— O 5 — 
— ———— rs 2 — 


22 — 
— — — py 


; (NG): PN :: PN: NT = e (Prop. 7. 
Nin AC — N. 
Cor. 8.) 0 N 5 5 


Por. 5 8 Oe, 


* 


FIG. if cu Ae" a 1 _conjugate to ce, ind HR be an 
. ordinate'to lie axis AM, blen NAR. 158 


| As CH is parallel to' PT (Def. 6. ), the Wagens 
CER, ITP N are fimilar, and TW: N; : CRa:: 
RH“, or (Prop. 9. Cor. and Prop. 7. Cor. 8. ) 


Te 0 — CN” FPS Fam 3 3 * 
ee "ON 5 5 AC 955 CN 5 2AC 75 G8" 2 | 2AC * 


FER, or AC— CM MN 3: CR: 40. cx. 


a 


therefore by comp. AC“: 2 27: AC. : AC — CR, 
cee N — cr. 


Con. Hence, Fc 7: Cor. 8. ) Ae 
CN CR; but (Prop. 3. Fr. 250 1 * 
L. therefore 240 L: AO : BC; "hence, << BG 


x PN" ck, "IT 5 x PN= c. For the lame 


\ 


7 40 „ 
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bade bY 


If at ED extremities of any 7700 ens dualer, 
tangents be drawn to the ellipſe, they will form a . 
| en 3 ng * och n will be equal. 


1 po, Dx br any two Se diameters 3 F130. 
then (Prop. 4. Cor. 4.) the tangent 4d 8 parallel * 
to the tangent 5 Oc, 2 the tangent aDb is parallel 
to the tangent d Kc, therefore abcd is a parallelogram. 

Let ACM be the axis major, CB the ſemi- minor axis; 
produce 4M to meet the tangent at P in T, . 


4 4 


draw Cr perpendicular to ad. By Prop. 10. Cor. © Fe 


x KR = c "enter Þþ Be, 8 by ſimilar 
on” NC. 


range CKR, err CK: ER vt CT (=o Prop. 8. 


Cor.): Cr, therefore CK * er ICA, . 9 


Anden quantity, and CK > * c 155 area CK4P 
which is one fourth of abed; . therefore the area e 
is conſtant. 5 a g | 

Con. 1. From "Pug 8 Ft, A ed 7 | the 
area /of the ellipſe varies as the area of the circum- 
ſeribing parallelogram abcd; and as the area p 
of a fourth part of the parallelogram is equal to DC 
* PF (PF being perpendicular to DCK),- the whole 
parallelogram varies as DC x PF; Loo the area 
of the ellipſe varies as DC PF, os 
Con. 2. Becauſe the triangles Pr, are, PPE. FIG. 
are DRONE, we have, 9 „„ 


— 


FIG. 
16. 


Wc Ad.; cherefore P HP= 


ON"THE ELLIPSE, 


5p; SY:: PE: PF 
HP: HAy . 


Ne — x HP : EZ 2 25 PE . 


7 8 


3 
| 


: 4 4 {*F DW * * % at * 
4s 5; 8 


but (r 1 67 57 Nu B0., Fr FEW 55 Pr. 4) 
— X AC 


% 


by the Propoſition "i. 


3.38 ; } g * S * "a 
n $445 TT 
7 * 6 . 
Wer wa "ES di 
Pa 57 E. : * „„ 
0 . 
*. 0 


N 


/. an 6 ir FF 2 5 1 * Sr, the reBlangle 


| der the abſciſſa is to the ſquare of the ordinate, as the 
ſquare of the ſemi- — to. > the "Ne of the Er 
gate diameter. | 


„ e 


75 9 1 ; 33 A 12 e | cn * boy 27 15 70 ＋ \ | 3 0 
| Draw the hc Me berate! to P or * and 


M2, vn perpendicular to ACE, alſo ev parallel to 12, 
and Pg perpendicular to PT. Fhen as Mv, ve, Me 


are reſpectively parallel to PT, TN, PV, the triangle 
' Mev is ſimilar to PNF, it is theref re fimilar ta 
the triangles PN, 218 xx, hence, PV: Ng (= - 


Ex CN | 
e Prop. 9.) „ . Mz ZA Nb 7 


Lx CNN e 


5 


alſo, by F zmilar 1 CPN, cu, CN: M:: : Cn | 
, thetefore 2 een be | 


2 
bee GY") 


| ACN x94 Gex NP Alf, ce. 


. 240 NP + N MY 


=ve= C. | Now "7 "fs * 257 A o- 0 * 7. 


\ 


-= DC 


Cor. 4 


| 7 © IS & ah 88 


oN TRR ELLIPSE, 
Cor. 8. 05 in which equation, ſubſtitute for 2M. and 


C 2 che values found, above, and we have,” | 2 
{ExCN:xwe e „1 iO, 
ICN NP* CN* : 


er 400% Cu- Cr; but the laſt term on 
the firſt ſide, and the third tern on the ſecond ſide 


15 


deſtroy each other, therefore the equation becomes . 


Lx CM ue Ae NE. 


2ACx NP 1 ve =OF. 


\% 


2AC- : 
of 


oo: 


term, put ae N., and for NP i in | the 


bi 
ſecond term, put 24 * 22 - TP, . and e we get | 


LAC b. 25 eg 
2NP. © 215 BY oy 5 CNN“ | 
5 5 1 


” AINE: 
= 


ce, er 4 Er, bot fr N= 


R= (Prop: ro. cor); hence, ' 775: 


and CR* x 
: CN: v: CR. :: (by ſim. tri.) vM* : CK; 


als; CN*: On: Ce Cv, and CN* — Cf : CN*-. | 
oy CP? — C C-; Hense. from this and = firſt. 

proportion, CP. c 3 : oM* : CK; but 8 
CP* — cu FCN C= Cu Pu; therefore, 


by alternation, Gox Py ; v 3; 5? . 


1 
855 


Y — . 7 . 
* ; ; 5 * N 0 7 N : , e. R as, 
* *- + va 1 N * 4 kad : " - 
: . , . N 4 2 2 e 
K : +» * —— « x * + 
£ - / z . * 2 


* DN. Ac — -CN* (Prop. 7. Cor 8. 5 = 
in the laſt equation therefore, for CN . in the firſt * 


— c -4 — we 


13 1 055 
of N CW 
— Cn ve „CN. therefore CN*— Cit 


7 
CE 


» 8 * w 4 * * 
bo FE, 4 * 1 * 2 1 . . os * * 
2 — a - . L 5 — q - . 2 2 —.— — 
_ — . . * — — ——— — —— — >> — — — ä rr —B —— — — — — 
2 : - * . 3 2 . — - - — — ; — 4 2 
ꝶ6P̃wm7 „ too I WEROou A IERerTy- OE oIAET TW ret a wort — — — 5 - — * * w 


8 on Tus ELLIPSE, | 


Co. Produce Mo to m; then by the ſame Abb 
ing it appears that Gv > x Py : uni :; CP.: CK; con- 


ſequently vM=vm, or any line Mm * to a 
6 at P, is biſected by . 


> — 5 4 ; & bs 
« — 9 Y W 5 % Pres 
; ag X I. * 1 ; n 


Ile ſum 17 the e 1 any two foes ee l "ſhi 
meters, is equal to the ſum N55 tie * of... the two em. 


axes. 


ny "Dine PN perpendicular 0 to 8777 then (Eve. B. i. 
F. 12. 13. F 


2 * 


Ps: Acc . 0 
PH* = = PC'+ CS? (CH *} =2C8 CH). x CN 


_— 


- PST PH-=2PC'+ 2CS* 8 W GOP 
and 2PC*=P$*+ PH* — 2082 SI IA 
but 2CD* = 28P * PH (Prop. 1 11. Cor. 2. 933 


N P 20 PH + ÞS* * 208) = : (Prop. 1.) 


440 208 =(Prop: 2.) 48B* — C2408 — 288" 
+2CB*=2SB* + CE S2AC+ 2BC; hence, PC+ 
cf REF 1 


, : 8 A ; 
Pror. XIV. „ bs hy 


ris 6. 7 oV be. an ordinate 70 PG, 46" a aan or 4 
lie point Q, meet the diameter 8 P W in T; then 
EV i e P CT. 


Draw 


. pay : 4 p x 
* 4 / 
* : p 


% 0 os ELLIPSE, Th Fre * 


? 


Dian Vr perpendicular to GP and equal to / 2, 
then the curve PrG paſſing through all the points 75 
is an ellipſe; for GV x VP. being to 2Y* in a given 
ratio (Prop. 12.), we have GY x VP to Vr in a given 
ratio, therefore (Prop. 7. and Cor. 1. J PrG. is an ellipſe, 
and PG is it's major or minor axis, the ordinates 
being perpendicular to it. Drawer T a tangent at 7; 
then (Prop. 8. Cor.) CV: CP :: CP: CT; join T2, 
and if it be not a tangent at 2, let it cut the ellipſe 
at ſome point m; draw the ordinates ma, av, and _ 


produce av to, meet Tr procured in 7. Now * 
mimi triangles, _ | 


| \ * 
> 
i 
” 


„ „ 
2 4: TY: Ta: Vr 2 at. 
Therefore am=at; but by conſtruction, am av; 


therefore at av, which is abſurd; hence, 72 does not 
cut the curve at 25 and conſequently i is a a tangent to it. 


w 


e Pie, XV. 


7” PF, ppb to DCK, ut A in 1 then FIG. 


PF PBC. OUT A BET; IM i 18. 


b Co 1 > 
* # 7 0 


— — — — — 


Fe or produce CB to meet the Agent at P in'm, 
and draw Cr perpendicular to the tangent, and Pu 
perpendicular to BC; then as Cmis parallel to PN, 

and Cr to Pv, the angles mCr, Poul are _fimilar, 
and Cm : Cr (PF) : PN. (Cn) 3 therefore 
PF * To dn cu ber 85 . wy 1 


— a * L 
ATE 3 * p 7 W 
- my” 2 ee. I <> - we + bs 
——— PII n= one Sd on mn ——— —— ———— — = 
Es : oY g a — + P So 


wo on. x 4 
* * — 


3 1 oo the? * 
r #%, ow + } 
k 44 bl 


4 8 „ : p 4% 
6 ® . * * 
8 N 
: + 4 f 
| 1 | PROP 
— ö 0 N y ; > © 
5 . , ; i 5 
5 f * \ 7; ; 0 X 
j 2 \ 1 


1 
1 
| 4 


» 
: 

< , 28 
2 r ——rꝙ—rð—1 ——— 
- — gre * — 450 wm 


- 
. 
£6 


ON "THE "ELLIPSE? 


x 
F 3 n 8 e "4 NES as AY . — 
. * I 
17 mx 3 4 
, h 
» 2 * 3 ; 16 
— * 


uy 
Ll 
O 
2 
8 
Sm IH 
jy 


= 
1 . 35 7 2 * 
« y 4. + WW L : : . 2 5 * * Ih, 3 * I * - * 
— A \ r „ * 5 * „ 
Ne Abae = 
7 : - 4 
8 * Y F 7 2 2 * > oy ' 1 
* 1 #+ 4 * 1 * = % " ” 4 þ : 
— 5 - - - , 4 
1 5 R 327 s 206.2 8s ; DS n 
a # 4 447 A Cd 


"Deine PN. e to AR. By ee 7. 
MC-: GB* :: AVX MM: P-; but CB*=$B* —$C* 


NC Sc, and AN NM=MC+CN x MC —CN N 
=MC* — 93 NC. — N= $8C; hence, C-: 
C SC* :: MC. SN ETFO be: PN. 


AF = Sci 70 „ 


S — 4 
1 s ; - 2 * 
fs L 1 PE : . N 1 4 + . 5 . £ # 5 — 
4 # * ; * N 8 8 & * 1 * 2 


M. MC* x SN*=20N x SCN MC*—2MC* x $C*+8C* x SM 2.SN x SCH 


_ 


* 


but = SN = SR x.col.. FSW \therefore g 
BC. 4 SC x D x.col. DIA; 


— | 4 \ , 


add SN to both "des of the equation, and "we 
have SP* (PN* + SN) = © 
CEN xSC xMC*—2MC* * 50480" x . ae $C'+8C\ 


** 9 
% Þ J 3 6 ; 


3 | MC: 
MC S Ne S0. 505 


che ſquare f root of el 1s s SP = e 


b F 
ado * * ** 1 5 , ** # 7 


\ BG= I £46, 
(pcs 


= (as MC* SC =$B* — $C*= 00 K 


N — ? : * 
4 * 2 9 r * —_ 7 bh," 9 . 
n „e WW bs £06 BE. Oh 5 VCC 
| ; 5 1 5 a „ 3248.1 „ 
» ; : 1 W * | * o a a * — by 

6 : : 4. * 1 . . : 5 . * 2 Fog i > \ 4 y 3 5 1 
| 5 „ 1 ei 1 3 FF 

1 <4 * a « ” ho , . . 


* 1 
5 44 3 
* : - 0 at * 
6 * — 4 4 
9 * 5 1 " * 7 P * = 8 a C 5 % k ) i 
”% 0 8 . 2 * | N * —_ - 4 % 4 
, . * 1 X C0 * os / 0 : N . -4 % * \ - . n \ 1 13 
N 4 ö , f a _—T 5k * * * A p 3 5 8 7 b of * + 4 37 4 * : 
% 4 4 J * 2 - £ by L 1 * 8 
; A 1 8 « * 3 8 N 
7 „ PHO B54 
5 A - * a 
* 
/ i 
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ag Por 
I AVUTs 
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« 4 
* 
* 
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Por. XVII. 


J. a Ene be drawn from the focus 70 10 N of the vid. . 
rurve, ani from that point a line be drawn perpendicular * 2. 4 


fo 'the direBit, 0 — are in conflant rand. XA 
bos PL perpendicular to x EY Now 22 =IC gers, 


- 


| =.” N ME, 
5 0 0 . and by Tiig nad, =1 : col PSM 5 


. cee e 
TX or 22 Fc. pan Cp. 16, 5 SN 

C BO. x co PS ET, 

= : = MC-$Cxcol 'PSM * therefore P L = * N 5 
c. C x col. PSM 


* 


N SH + 8N-= 7 + M 0 oof. PIM © 


— 


9 MC > GB*- - 1 i 
5 5e N 50e P. hence, P = L 5 


— 


. g. Yall M C B 


Les Ads ed. 8 re "SC f 
SC: MC = RI 109 28 


vo © 


d by Conc: Hence, SP: 5 2 84 1 2 S N 
therekare PL, greater than. f. 1 int fi, 118 
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. 
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32 5 don uE ELLIPSE, | 


| Prop; JA 


710. % the. ellipſe ABM D be very nearly. a circle, as p 
2 moves from B to M. the. increaſe CP is wery nearly 


in * to 15 fquare, of t the cok ne of the angle 8 M. 


By Wap 7. . c- :: M=. . 
= {MC-ON,, therefore CP* (=CN*+NP") 


on” . 
a K CB. . 5 — CB x CV. 
EN + rap - N c3.— c + 


CN* = cc Fx E ch TB 


WH CM CB ”Y E cb. CB N. TB. 2 
: * X CM +2 X *I. 


very nearly, and by taking the ſquare root, we get 


CP=CB+ = TB x ar very neatly, = + 


CN 
CM — C x Te very nearly, = - CB + . TB * 


. of POM”, radius radius being unity; the quantity FOUR 
CME CB. x col. POM PCM, „ By which C P) exceeds CB, 
* as col. PC very _ N 


\ 


+ That this is the root, appears from hence, that if & be very 
ſmall in reſpect to a, the ſquare root of a*F2ax is AL very 


nearly; for a T H a very nearly. 


a * %, 6 e . | * . 
, wel p U 4 * 7 
* > 7 * %. -* 
: 
1 
2 v wo 
— N / 1 ” N 
0 * | 
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* 
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5 1 Prop, XIX. 


. a right me sb paſs FEI the foew'S of = FIG, 
el A and be terminated by the curve, then 8b + s 8 le: 


ny " 7 N \ 


4 


Draw LP, 120, FE, Pn k, N to x 5 . 
and produce (if N ST to meet PK in ak then : 


. 179. 4 „„ „ 


52 85 20 . „ 
. P: ST (SL) :: PK; TE; „ 
F SL — $2 : n 2 2G (2% LE. 
and SP: SP=SL :: PK: PK— TE (Pm); 
but SL: SP:: LF : PK (Prop. 17.) 
„hen. Es. 2 SL: 22: Pm + 
CATED * 82: SP (by ſim. ri); 
hence, SLx8P — $Px $2 = SP x 52 — SL x 82, 
 $P482 
chereſore SL x $P+8T 752 — as prog. and 5 17738 
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FIG, 
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ON THE ELLIPSE. 


| PRoP. XX: 


To determine the diameter of the ircle of curvature at 
any point of an ellipſe, and the chords thereof which paſs 


 throu gh the center and focus of the. ell Ipſe. 


| Let Pa VL be the circle of curvature at the point 
P, 2v an ordinate to the diameter PG, and 2R 


DO to PG; then (Prop. 12.), PV (2R) x Gu 


2 * 2 2v CD * x Gov. 
2*˙ PC: 28 therefore = = 


(if 2 move to P, in the ultimate ſtate of: the arc '2P) 


— = =. But (NzwroN s Prin. Lib. 1. 


Lem. 7. Cor.) the limit of the ratio of 2v : 2P is : 


a ratio of . therefore P 3 * ultimately; 
09 — 


: hence (Lem. pag. 7. 79 r the chord of cur- 


vature paſſing through 1 center C. Alſo, if PEI. be 


perpendicular to PR, or DK, it muſt paſs through 
the center of the circle; and by ſimilar triangles PCF, 


Pyl, PF: PC :: PV PE) PL = 262 


"PF © 
the diameter of curvature. Laſtly, if PS interſe& the 


circle in a, and La be joined, by ſimilar ings 
PFE, PaL, PE (= =AC by Cor. 5. Prop. Ar): 


: PL (= 2CD F) Pa = 199 =the chord er. i 


vature F 45 gh the feu. 


10 , f , 1 * 8 4 
BY PRO. 
- IS. / ; . : þ . u 
. - "Ay x $54 


* 
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1 THE ELLIPSE, : ; > . 7 95 - 35 
Prop, XXI. „„ 
Vu cone ABC ze cit through it's two Lader by a plant FIG. 
| PMN EZ, the ſeftion will be an ellipſe. RT renee > BIS 


Biſect PE in K, and le a ſection LMIZ be * 
through K parallel to the- baſe, and alſo another ſec- 
tion HN FG parallel to LIZ, then will theſe ſections 

be cireles; hence, HG x'GF = GN, and LX X KI = = 
KM*, Draw P2, DE pantie to LI, or HF; then, 
by fimilar triangles, 1 


PE: KL PG. CH _ F 
EK : KI :: GE: GF. mY ; i, ö 


PK EK: aac KT. PG « «GE: GH x GF, 


that is, PK* : KMS :: PG x GE: ON, which f 5 
— property of the ellipſe by Prop. 7. 


Hence, 8 to our defitirion, the Ehr is 
a conic ſection. i 


y 


Propoſitions 11. and 12. have here been demon- 
ſtrated directly from the preceding propoſitions, in a 
mariner conformable. to the demonſtrations there made 

uſe of; but in the firſt edition of this work, they were 
demonſtrated from the principles of projection; and 
as the demonſtrations are, upon ſuch principles, ren- 
dered very ſimple, we hall here inſert them. 


* O * 6 N 
x o ; n 
5 ; c 2 | | 5 ; | ; | , . 
7 7 . 4 ” : : * ' | 
* : . * a * 
F - Y 
„ 9 > * 3 „ 
* 8 


— 


* 
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on THE ELLIPSE, „„ 
Let ARMS be a circle inclined to the plane of the 
paper, and let it be projected into the curve AB ME, 


by lines perpendicular to that plane; and let 5 be the 
point into which 4 is projected, and draw aH, H 


- 


perpendicular to AM, the interſection of the circle 


and the before-mentioned plane. Then, by Trigo- 
nometry, Ha: Hb :: rad. : cof. AH b, a conſtant 


ratio; therefore as, by projection, each line is dimi- 
niſhed in this ratio, the whole area will be diminiſhed. 


in the ſame ratio. - And the ſame is manifeſtly true, 
whatever be the figure of the plane to be projected. 


By the property of the circle, AH HM= Ha"; 5 
therefore AH x HM varies as Hb, which is the pro- 


perty of an ellipſe by Prop. 73 hence, AM E Is an | 


ellipſe. 


| Now all the ſquares: deſcribed about the f@ me circle 
are equal; and if tlie circle be projected into an ellipſe, 


every ſquare will be projected into a circumſcribing 


parallelogram ; for the oppoſite ſides of tha ſquare 
being parallel and tangents to the circle, they will be 
projected into parallel lines, which will be tangents to 
the ellipſe; and theſe lines will be equal; for as they 
are equal before projection, and equally inclined to 
the plane of projection, they muſt be. equal in the 


projection, from what 1s proved above. And as every 


ſquare is diminiſhed in the conſtant ratio of radius: 


|  coline of inclination, all the parallelograms muſt be 


equal, as is proved in Prop. 41. 


Let PYCG be a diameter of the circle, and let it 


be projected into a diameter pvCy of the ellipſe, and 


let Fe, an ordinate of the circle, be projected into | 


vq; then as V2 is parallel. to a tangent at P, and 


On lines are pee into > parallel lines, qv is 


. Z 


on THE ELLIPSE. xv 
- par alle} to a tangent to the ellipſe at p, for a tangent 


to the circle muſt evidently be projected into a tangent 


to the ellipſe ; hence, qv is an ordinate to the ab- 
ſciſſas pv, gv, Def. 7. And if DCR be drawn pa- 
rallel to qv, it will be the conjugate diameter to the 
diameter pg. Now as all the diameters of the circle 
are biſected by the center, all the diameters of 
the ellipſe are biſected by the center, for the diffe- 
rent parts of the ſame right line in the circle, are di- 
miniſhed in the ſame ratio; and for the ſame reaſon, 


as PV, VG are projected into. pv, vg, theſe latter 


quantities will be to the former in a given ratio, there- 
fore PY x VG varies as pv xvg;- allo, 2/7 is to qv 
in a given ratio, therefore 2/* varies as qv*. But by 
the property of the circle, PY x YG = 2/7; therefore 


 povxvy varies as qv"; ; hence, pv x vg: 4: Cx Cs, 


[4 


or 72 2 K *, as is A in POOP. 12. 
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ON 


THE HYPERBOLA. 


DEFINITIONS, | 


F two right "Re $a, Hh, interſecting each other 
in P, be made to revolve about H and S, fo that 


"1 


: "Bp SP may be a conflant quantity, their common 


interſection P will deſcribe a curve called the Hyperbola. 


And if Sy- Hp= HP — SP, the hyperbola generated 


by the two lines Sp, Hp revolying about 8 th H, is 
called an oppoſite hyperbola. 


2. The points H, , are called Foci. 
3. If 4 and M be the points where the curves in- 


terſect the right line HS, the line AM is called the 
* major, 


Let AM be biſected in C (which is called the 


1 2 , and BCN be drawn perpendicular to AM; 


then if from 4 as a center, with a radius SC, . a circle 


be deſcribed cutting BN in B and V, BN. is called 


the Aris minor. And when 4 M= 5 . the beben 


18 called i 


1 


1 N on TRE HYPERBOLA. „ 2 
: BY If, in like manner, two hyperbolas d Be, xn N 
be deſcribed about the two axes BN, AM, they are 
called conjugate hyperbolas. 

6. A right line LST drawn perpendicular to HS 
and terminated by the curve, is caltect the Latus 

Rectum. 

"a If PCG be a right line paſſing through the cen- 1 
1 it is called a Diameter wt 
8. If 2 be drawn parallel to a tangent af P, meet- 
ing GP-produced in V, then 2 is called an Ordinate, 
and GY, PV, are called Abſciſſas. 

9. An Aſymptote is a right line, which continually 

approaching the. curve, arrives nearer to it than by 
any aſſignable WOT but if indefinitely produced, 
never meets it. A 

Cor. Hence, we may confider the aſymptote as 
the limit to which the tangent approaches, when the 
— 8 is increaſed without limit. 

. If TV be a tangent at 7: meeting the axis AM 9 
in 7, and the line x/y be drawn perpendicular to Io, 
AM, that line is called the Directrix. | 
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| Prop. I. 


The 4 ference of 1209 lines drawn from the faci 70 any 
1 poing of the cur Ws 10 equal to the major axis. 


For conceiving the deſeribing points P, p. to come FIG. 
to 4 and M, we have HA— AS = HP — PS Sp 20. 
SM MH, take from the firſt and laſt of theſq, l 
the common part MA, and we have MH - — AS= — 
AS—MH, therefore | 2MH=2AS, and MH= AS; . : 
| „ VT | hence, | . 


A” 


F-..0 


FIG. 
21. the curve at 20 


* 


ow TAE. April | | 1 


hence, HP=PS= HA A -MH=M4, or 
ZAC, x 3% 
Cor. 1. Hence, SC= CE. | 3" 

Cok. 2. By tranſpoſition, HP=24C+8P. 


! 


Pao, II. . 5 


The relanglt under the di Harten of 17 of the fr 
from the two vertices, is equal to the ſquare of the Jemi- 


axis minor. e 
1 8 — 


Fer BC = BA. AC (by nnn 50 
AC = Ax = AC = N - CM * 84 = 
x A. 


PRop. UI. 


The liens rectum is a third proportional t the axis 
major and the axis miner. 3 


_ 


By Cor. 2. Prop. 1. HL = 2 AC ＋ LS; hence, Hs 
SL! (= HD?) =44 C*+44 Cx LS+L8S?, therefore 
HS - AAG =4ACx LS; but HS=2CS= (by con- 
ſtruction) 245; hence, 445 440 2 44C x LS, 


or 4BC=44Cx LS; therefore 240: 2BÞC : :2BC © 


2.2168; that i is, AM : BN :: * 9 


) Pos. Iv. | 
F yy biſeft the angle 8 p H, 10 will be a s tangent to = 


\ 


* ! * 1 ” 
: 1 * ” a 
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_ TUE: HYPERBOLA. 


For take Pm= PS, and j join Sm; then as „Ps, 
m Pu = LS Pn, and Pu is common to the triangles 
mPn, SPn, we have nn on, and the angles at z right 
angles (Eve. B. 1. P. 4). Now if PY be not a tan- 
gent, let it cut the curve at ſome point 2, and join 28, 


2m. Then as un = &, and the angles at # are right 


angles, and a2 common to the triangles mn 2, Su 2, 
we have m2 = S2. Now (Prop. 1 ) MA= HP — PS 
HP - Pm= = H n; 
H2 (Eve. B. 1. P. 20.); therefore Hm, or MA, 
is greater than H2 -m2, or greater than H2— 28, 
conſequently 2 is not a point in the curve (Prop. 1.); 


therefore as PY cannot meet the curve at any other 


point, it muſt be a tangent. 
Cos. 1. Hence, two ke lines drawn from the 


foci to any point of the curve, make equal angles 
with the curve. 


Con. 2. If SP ber inoduced to meet a FO CE FIG. 
parallel to the tangent YP at P in E, the part PE is 22. 


equal to AC. For draw HI parallel to CE, meeting 


SP produced i in J. Then as P/ is parallel to IH, the 


1. SPV = L. PIH, 2 {HPV = 4 PHI; but as the 
L SPV = LHPY, the LPIH = 4 PHI, therefore 
PH = PI, Alfo, as SC = CH, and CE is parallel 
to HI, "IN IE, or IE=3ST; and as PI=PH, 
PIT = PHP; therefore PE = PI IE 
4 (PH+ PIT = SI) = 3 (PH + PI = PS — - PI) = 

4 N = AC OO: * 


alſo, H mm 2 is greater than 
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—_—_ on TnE HV EIBOLA. 1 


bbence, HP=PS=HA— 48=HA— - MH=MA, « or 
1 1 

_— Cox. 1. Mines, SC= Fe; 0 y 

Cor.'2. By tranſpoſition, HP=24C+8P. 


Prob- . | 


on The reBlanglt under the di ances of 115 of the fro 
from the two vertices, is equal to the fquare of. the em 
axis minor. 


8 "the BC = BA" — AC= ey cb Aion) $C*— 
AC. =S AC*xS8C-AC=SCH OM x SA 


Proy. UI. ee 5 
Te latus reftum is a third proportional f to the axis | 
major and the axis minor. 1 


_— 


By Cor. 2. Prop. 1. HL = 240 TLS; hence, HS 
+$L* (HL) =44C*+4ACx LS+LS*, therefore 
HS —4AGt=4ACx LS; but HS=2CS= (by con- 
ſtruction) 24B; hence, 4AB* — 4.4 C=44Cx LS, 
TW. : 4BC=44Cx LS; therefore 24AC:2BC: "ERC 
IP : 2LS, that i is, AM : BN :: BN: 8 


92 0 1 IV. 


me. 1 PV 4 biſett the angle SPH, it will te tangent 70 
21. the curve at P. 


; 3 of 1 - * 
1 \ N j s . N b b 5 „ 


* . - % ; 7 k J 
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on nE AYPERBOLA.. 


For take Pm = PS, and j Join Sm; then as mP=PS, 
Vn Pu = LS Pn, and Pn is common to the triangles 
mPn, SPn, we have nn Sn, and the angles at u right 
angles (Eve. B. 1. P. 4). No if PV be not a tan- 
gent, let it cut the curve at ſome point 2, and join 28, 
2m. Then as un ns, and the angles. at à are right | 
angles, and 12 common to the triangles v2, Sn 2, 
we have m2 = S2. Now (Prop. 1 ) MA= = HP —PS 
 =HP—Pm=Hm; allo, Hm+m2 is greater than © 
H2 (Evc. B. 11 208.) 3 therefore Hm, or MA, ; 
is greater than H2—m2, or greater than H 28, 
conſequently Q is not a point in the curve (Prop. 1.); 
therefore as PY cannot. meet the curve at any other | 
point, it muſt be a tangent. 
Cos. 1. Hence, two gebt lines drawn from the 
foci to any point of the curve, make angles 
with the curve. 
Con. 2. If SP "M0 produced to meet à line GE pic. alt 
parallel to the tangent YP at P in E, the part PE is 22. 9 
equal to AC. For draw HI parallel to CE, meeting e 
SP produced in J. Then as P/ is parallel to IH, the 
4SPF = 4 PIH, and {HPV = 24 PHI; but as the 
L SPV = 1 HPV, the £PIH = L PHI, therefore 
PH = PI, Alſo, as SC = CH, and CE is parallel |, \ 
to HI, "= IE, or IE SSI; and as PI=PH, 5 
PTC PET PI); therefore PE =PI— IE 1 
1 (PH + PI - SI) = 3 {PH + PI — PS — "Mn CE i OM 
2 (PH= PS = = AC . * 0 
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„ ON. THE HYPERBOLA. 


3 


A DEW Prop. V. 
17 two per pendiculars be drawn from the foci to a tan- 


| gent at any point of the hyperbela, they will meet it in the 


periphery of a circle deſcribed 0 * major axis Co a 
diameter. Ne, 


For produce the perpendicular $ 17 on the tangent 
Pp, to meet HP in a; then the LYPa= PS 
(Prop. 4.), 4STP= £47P, and PY is common to 
the two triangles SPY, aPY, therefore ST= Ya, and 
aP=SP; hence, Ha (= HP— Pa) = HP.— $P = 
(Prop. 1.) AM. Now as SC=CH, and ST Ya, 
C is parallel to Ha; therefore SH : SC :: Ha (AM ) 

: CY; but SC=Z H; therefore CY=43 4AM= AC; 
| hence, Y is in the periphery of a circle, whoſe center 


is C and radius CA. For the ſame reaſon, if PS be 


produced to meet HZ produced in 5, CZ = Sb (as 


Hb is parallel to Sa) 4 Ha = AC as hefore. 


Paroe. VI. 


The rectan ole under the perpendiculars from the foci 
upon the tangent, is equal 10 the ſquare of 25 ſemi- axis 


a minor. 


: Let HZ interſect the circle in p; and join Cp; 


then the 4 ?ZY being a right angle, it muſt be in a 


ſemicircle, as Z and Y (Prop. 5.) are in the circum- 
* ference ; conſequently Pp CY muſt be a diameter; 
| hence, 


"ON THE HYPERBOLA.* 
3 in \ the triangles HCp, SC, HC=SC, Cp= 


CY, and the 4 HCp= LSC, therefore Hy- S; 
and by the property of the circle, Hp x HZ, or ST . 


x HZ, HA HM=BC* (Prop. 2.). 


Cos. 1, Since (Prop. 4.) 4. Sr 4 HTE, the 


triangles 8PY, H are fimilar, and SP: ST:: HP: 


Sx BP... IE XA 8 
MW "3 hence, TE.” =HZ x sr c- 
; 1 1 
and 82 = BO" Ay Hp | ; : Ref 
"Con. 2, As 801 is conſtant, $7 varies as p 
but HP 1 = 2AC+8P (Cor. 2. Prop. 175 therefore 
= SP 8 | 3 ; 2 
SY. 8 as . eb; or F Varies as 
1 
Lo: JE 


| Cox. 3. Slade 46 erg 


AC +8p* and (Prop. 3.) 


. 955 24Cx Lx8P, 
4BC AL. we wry 4872 e 
0 a Es 5 240 * Lx SP 
hence, Lx SY , 48 LX SP.: Z 2 


24C+8P : 2405. and as 2AC+8P i is greater than 


2AC, Lx i is greater than Ws 


* . 
1 $ . . 
: 8 ) , 8 
- 4 1 , — 
» , — . n 4 © 5 . , 
— ; r 4 | * 8 | | 
F 8 8 4 P o 
. * ( ; : 
6 1 * - 
* * 
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on THE HYPERROLA. 


| PROP, VII. 

If an ordinate be drawn to the major axis of an y per- 
FER the product of the abſciſſas is to the ſquare of the 
ordinate, as the ſquare-of the ſemi-axis major to the ' ſquare 


of the Jen: axis minor. 


fab. C5 CA= NC x CS, 


A my 
© 


Draw PN perpendicular to 4M, and rake AD= T0) ; 
then, 


| PS CD 9". ANA 
and PH=CD+CA (Pr. 1.) 


Alſo, NS=NC CS 


NH=NC+CH=NC+CS (Pr. 1. 7 25 105 


but PH*=PN*+NH* (Eve. B. 1. P. 47.) 


PS = PN*+ NS; that is, 
CD+CA* PEN. NCC 
0 — (A = = ÞPN* + NC — CS 


| NC x CS 
therefore CD= TT, AE ; he ence, „ 
ros cb- CN 08 _ yg N gc. 


5 . 
But PS = PN. A NS-; that i is, 55 


NC? * CS? — 2NC C&S c CA 
| CA*: | 


P 1 aN * CS+CS?, 


which is the ſame equation as that for the ellipſe. in 


Prop. 7. and conſequently there reſults from it the 
ſame concluſion, that is, AN . TN. it AC 
c. | 


- : Cor. | 


\ * 


on rug HYPERSOLA, | 


5 5 : 
Cos. I. | Hence, TY AC" VAN II. "here- * 


fore if upon the Pay axis major AM, to any "other 
axis minor vg, an hyperbola vAw be drawn, and þ 
be the point where it interſects the ordinate NP, then 


Np=c = x AN NM; l NP: : Np as BC 

: bC, 1 is, in a given ratio; 1 for the ſame 15 
Nen as in the parabola, Prop. 10, the area APS : 
area ApS in the ſame given Tatio of BC: C0. 


Cor. 2. It L = the latus rectum, and GB be the 
axis minor ; then (Prop. 3.) AM : BG :: BG ; 25 5 
hence, AM : L:: AM: BO :: 4. : 80. 85 


Do. 3 Fe E  AMx PN* © 
AN BY ">. fo = — — = 
Gets 4 . P', therefore 1 ANNA 

2 4C * PN* + | 1 1 
AN x NN 


Con. 3. If AC=2, BC, CN = . - NP=y, we 
have r aN (x*—@) : *:: 4: 6“, therefore 
N „„ 

Con. 4. e $P= 0 C4, 300 HP cb 

＋ A, therefore x. FPEBP=CD; hence, CN * he: 
4 CAx CD) CA x. SPT HP. 5 

Con. 5. As AC and BC are conſtant i in n dhe ame | 
. AN x NM varies as s PN". 4 8057 


hoe th — — , 


\ 

en 
| — 
. 


ox THE HYPERBOLA. 


P63. vim. 


ny PT be a tangent at P, then will CN : CA 
CA: CT. | | | 


By Prop. & Pr biſects che 1 SPE; 


„Hp: $P : . HT TS (Eve. B. VI. 1 
and HP+PS : HP- PS f: HT+TS : HT 18, 


but HP — PS=2AC (Prop. 1.), and HT—TS= HC 
470 TS=8C+CT- $C- CT=2CT; | hence, Oe 


Hp S: 240 « HS :; 1 oe 
or AC: CT :: 4. HP PSU 4. Hs, or C8, 


: ACx EX. HP+PS : C AC 
: CSx CN (Pr. 7. Cor. e C A 
75 ON. 


þence, an: : c: :: Ca : . CT: 


Con. 1. By divin ion, NA: CA:: AT: CT, and as 
CA is greater than CT, NA is greater than AT. 
Cor. 2. It AC=a, BC= Hs CN = x, NMR 


then „ : 4 : 4: 2 8 hence, NT 2 
Sg * 
2 2 x” 2 5 conſequently Ps 3. Prop. 7): PN.: : 


| þ —— & — 22 0 | | | 28 4 i - 
TN* :: 2 * OE oO Px: A 


— 


ON- THE HYPERBOLA. 2] 
Pxoe. Xx: 
* draw an Ven Wore to an hy perbula. ; 
By Cor. 2. Prop. 8. C T= ; now increaſe x.* 77 
26. 


without limit, and CT will be Aiminiſhed wichaur 


limit, conſequently T approaches C as it's limit; 


therefore (Def. 9. Cor.) the aſymptote paſſes through C. 
Alſo (Cor. 2. Prop. 8. „ PN: IN:: : oO =o, 


the limit of which ratio (by increaſing x without limit) 
is : a*x* :: &: , and PN: TN: : 5: a, or, as 
T now 1 vo with C, PV: CN :: h: a. But as 
P approaches the aſymptote as it's limit, and T ap- 
proaches C as it's limit, the limit of the triangle PNT 
is a triangle ſimilar to @AC; therefore, at that limit, 
PN : CN :: Aa : AC (a); hence, and the laſt pro- 


| portion, we get Aa=b=BC; if therefore 44 be erected 


perpendicular to AC, and equal to BC, and 9 be 
drawn, it will be the aſymptote. 

| Hence, if on the other ſide of AC, a ihr 
Ab be erected equal to BC, and CL be drawn, it 
will be an aſymptote to the other part; and if theſe 
aſymptotes be produced on the other ſide of the center, 


they will 3 be alymptotes to the oppouite 1 | 


perbola. 


Cor. 1. Theſe aſymptotes will be ah mptotes to 
the conjugate hyperbolas ; for perpendiculars to 5 G, 


at B and E, equal to CA, will terminate at a and 6, 


and therefore, by the propoſition, CaZ, CL will be 


TOO” to theſe 9 


— 


115 Cox. 


46 1 8 „ THE HYPERBOLA:. | 


Con. 2. The aſymptotes make equal angles wack 
the axis — 
Por. * 


FIG. I the ordinate P N to the axis, be produced fo meet the | 
ad os in Q _oo Þ then Px Pq= =A2"... 


For oy ſimilar ciangle CA a, CN 2, 
CN. : CA:: N: at 


bot CAN: C · CA. x x- Or. 7. Con 3) 
„ CWM: CN*— CA.: . 8 
div. CN* : CA.: N2* : NN. PN : 
. * NZ : N2+PN « NS FN. 

| i f :: NA. 77 * 5 


From which, and the firſt proportion, we e have Pg 
* P2= = Ag. 


Com: 1. For the ſame reaſon, 22x74 A, or 
Aa; therefore P2 x Pq=pqxp2. 


. Hence, if Maud be drawn Oe to 
27. Jm Veo = Ad; oe FIX Vw=P2 * Py. | 


_ 


Paor. Xl. 


17 4 * XVpx be drawn in any. eaten cutting the 
| 28. tavo afywptotes in X, x, e Þ i 
LEY 88 SPA XP. Ee d 


FIG, 


* ry 1 ? : 
z $% | 5 7 
* 1 by » 
* a . * 7 — * = R / Sp py N 
1 pw . : 4 + I 
: FP) * „ 3 ant N * dee * * 2 2 N * 
*% © '% k F 1 L : 8 


1 

4 4 . 3 £ ; \ | 
3 on, 2 e 5 : | | 

on Tits” AYPSRDQUA. 9 85 e 


4 For through 7 and P draw two lines, Wvow, 257% x 
| "pltpendicular” ro the axis, and through P draw RPr 
= parallel to Xx; then on account of the parallel lines Net NY 

Mu, 29. and Xx, Rr, the triangles. 2PR and 1 

* OE: and Vx tu are * de R 


— 2 .. ] ww 
— CS — — 
— pang Pts 


** 
r 


x: im:: PR; P EY l 
f. ONE 520 5 


1 
>&. 1 — X— 1 S 3 


; 1 


3 ey 
Aw. M4. An IAEA. y © "RIS. FAN "* 2 1 


= . VIW x F R Fr: FN En 


bur. (Cor. 2. Prop. 10. ) 2 X Vw=P2) * Pg; there- 

fore VN Vr PR Pr. | Conceive now the line | 
For to move parallel to itſelf, until it becomes a tat. | 

gent LEM at the point E, then PR becomes EL, 7 
and Pr becomes EM; hence, DP Xx Vr EL x EMH. 
For the ſame reaſon, pX e: x ELV e 
VA U NL x px. e 

Cox. 1. Hence, ence, VX px. | For VRxVe=pXx 3 
that is, VX Fp+px=pxx/p+VX; take VX x Pn 
from both ſides, and we have FA * * = * 8 

therefore VX=px. _ 5 
Con. 2. Hence, if we ſuppoſs * te trove pelle i 


| 
to itſelf and coincide with LM; we 9 have LE ä 
| 

| 


4 — — 
0 5 
wy ; . 
2 = # 
* * 
. - 4 
- — — — — — — — 
r — — — — — — —3— — — — 
- _ — : — ũ— — ̊ — — — — — — —— : — 
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— 7b. — 
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- 
— — — — 
——ñ—k . —äñ—k—P 
- — = — — — 
F — — * 


—ä——— wm — — I— 
— Dees 


7 3 e PR e E- ee 1G 31 - mW 
. S As VX pr, therefore * -e cabſo- — 
quently VXx Xp= EL" 3 „ 

Con. 3. Let X cut ch produced in O; then as W 
the lines 21. Ax are parallel, and LE EM., ve WW 
have of but (Cor. .) pr; therefole 
VO= = =p0; ; | hence, 12 e CEZ l all C's 2 


» a : * 
” 4 7 0 | 2 z 
: . % 4 93 : ' % ft 5 — a 4 
8 3 p * F i > f 5 
. 4 > . F * 1 + , N 1 7 - 4 wo . 
E * \ 4 1 
% : 0 : : s * . 5 4 , K * %..: 
# : s . L 7 
. - : , . - fi * * "OY 5 : 
- j we 4 4 o . [ ” 5 by F \ > - WET n f 4 
, : 1 A i ph . ; s | x . . 
/ * 1 Y » * N k : / * w 4 E 1 
; 7555 « ? * 5 5 1 * 
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ON THE ee 


PRor. XII. 


I BCb be drawn parallel, to LM, and from E, 1 
EB, Eb, be drawn parallel to CM, © L Tapearuely, 
then BC= deni ME. 


For as CM is parallel to BE, and BC to EM, 


 CBEM is a parallelogram, therefore BC= EM. For 


the ſame reaſon, 50 = EL; but EL = EM; therefore 
BC= =bC=<LE= ME. _ 5 
Cox, 1. 1. As (Cor. 3. Prop. 1100 2 Vs = EL, 
therefore Vx x Vx = BC, 
Cor. 2. As Ca 1s parallel to BE, and BC=bC, 
therefore Ea Sab. ; 


Dey. 11. Bbis called a conjugate dumeter to 8 
diameter CEZ. Sw are alſo called Sake Dia- 
_ malery. 


Proy. XIII. 
If CE bs produced to meet the oppoſi te kyperbola'in D, 
then DOx EO: OV* :: CE* :: CPF. 


F or by ſimilar ine CEL, COX, c EE 


CO: OX= 7 =/Qa (Prop. 11. Cer. 6 
hence, PX = OX — - OF = * er 


8 CEx OV 
— AX W and 2 


* E | ” 
+ 07 H £OHGE cor | therefore (Car. 1. 


CE 
| rer : 


4 


/ N # rk = 


ON THE HYPERBOL 4. 


wn 15 =o ELx es X 2 8 beder, 


BY x CE* = 5 EL =CB) CB* * co- ck. Oo, 
jk CE* x OV* = CB* x CO*—=CE*=CB* x 
 COFCExCO-CE=CB* x CO+CD (DO) EO, 

; 1 DO x EO: r : CEL: Cn” | 


I. XIV. 


1 Dy, SE, Fs drawn parallel to 4s abmptate * vc, o 6, 
and EL . to CZ, then DV xDC= SE: * SC. 29. 


| For draw V R PE to CZ, then the wit 2 
* LES, FsR, . being * we have 


Dy: SE VX LE „ 
IR (DC) : ET (SC) : V: BM my 


” WI ES * * 


„ D x DG: SE xSC : PX xVs LE*;' 


but (Cor. 3. Prop, 11.) VFX xVx=LE"; therefore | 
Dy Des . 
Cok. 1. Becauſe LE= EN (Cor. 2. Ties: 11.), 
and SE is parallel to CM, therefore LS. 1 or SC | 
= IF CL, . 
„ Hence, DP x DC i is a conflant quantiy, 
and therefore DV varies inverſely as DC. 
Cox. 3. If the point E coincide with 4, the angle FIG, 
ACT 4 ACS (Cor. 2. Prop. g.); but as ATCS is 30. 
a parallelogram, the LACT= LCAS; therefore the | 
£CAS=LZ ACS; conſequently. ASSSC=AT, £451. 
Con. 4. a, D x W es 
e 1 


82 


7 "THR HYPERBOLA 


Con. 5. The triangles BCS, CG are ally "Y $ 
BC=CG; therefore GT'=CS= 225 For the ſame 
8 38. — = $4. 9 e 


Prop. IV... 
If LMN be hows parallel to CD, then LM= =MN. 


For FISK DO 14.) LM x MC= Ia”, and 
NM x MCT; but TA= Tc 10 5 8. K. 14.) 
therefore LM. MV. N 


Cor. Hence (Prop. 12. Cor. 2.), NCe ! is a con- 


jugate diameter to the diameter LC b, and conſequently 


; parallel to a tangent at L. For the ſame reaſon, LCC 


is a conjugate diameter to the diameter NCa, and 


therefore * to a tangent at N. 


FIG. 
31. 


b 


Proe. XVI. 
All the porallelograms cire umſeribing any two con bete 


diameters of an hyperbola, are equal. 


Let abed be a Pan circumſcribing the 
two catyugate diameters DK, PG; ; join PD, and 


draw Du perpendicular to the alymptote CZ. Now 


(Prop. 15. and it's Cor.) the aſymptote CZ biſects 
Dp, which is the diagonal of the parallelogram 


Cap; therefore the angle « 2 muſt be ſituated in that - 
aſymptate. Alſo (Prop. r5.), Du (m being the 


point: where DP interſects CZ) is parallel to- the 
aſymptate. CL, and conſequently given in Pofition, or 
the angle Dun is 2 and * Dm is to 


Dn. 


FI 


on Tit III rA. 


Ds in a given ratio; but (Prop. 14. Cor. 2.) 1 


varies inverſely as Cm; therefore Du varies inverſely 


as Cm; but (Cor. 1. Prop. 14.) Cm Ca; therefare ; 


Du varies inverſely as Ca, and conſequently Du * Ca 
is conſtant ; but D x Ca is equal to the area of the 


| parallelogram DaPC; therefore the parallelogram 


DaPC is a conſtant quantity; but the parallelogram 


DaPC is a fourth part of the parallelogram abe; 


therefore the parallelogram abcd 1 is a conn Io 


rity. 
Cor, 1. Hence, the parallelogram abed == the pa- 


| rallelogram vwxy deſcribed about the major and 


minor axes AM, BE; therefore their fourth parts, 

aDCP, AvBC, are equal; if therefore PF be perpen- 

dicular to CD, we have CD «x PF= AC x BC. © 

Con. 2. Becauſe the triangles SPY, HPZ, FE 
are ä we have | 


FB: 87 :: PE : PF. 
HP : HZ :: : PE: PF 


„ 8P x BP : "SY x H r Pf., 


but (Prop. 6.) 87 HZ = BC; and (Cor. 2. Pr, 45 


BCN AC. 


— 


PE= = AC*; therefore SP. x HP = a =CD* 


by the laft Cor. 


Pror. XVII. . 


1 Te Aﬀerence m rhe ſquares of amy Five vs ſem. 1 be: 
diameters, is equal to the Ae of the INES} hy the x 


: — : n 11 


two lane: 5 


FIG. 
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Mi 6. | Draw, PN perpendicular to the axis H $S; bea 
N e Res EZ 196) wage 


DT 1 5 OCS ac ON, 
3 G (CH*) +2CS. (CH): x eN _ 


„ PS PH*=2PC'+ 208 
and 2PC'=PS*+ PH — 208; 
but 20 =2 PS X PH 1 16, Cor: 995 ) 


. 2PC' = 2CD'=PH = FS 208 = : (Prop. 10 


40 20˙ (Def. e 440 2AB* = 0-2 | 
— 2505 240¹.— 2 BC; | hence, PC - D 


. 


| Pride Belt. ont, 
I ASW ve the axis of the e val a the 4 Jane 


15. 8 P BC* 
N= ST cof. PSW 


FIG. 


Let PN be an ordinate to MAN; then* (Prop. 7. * 
CM.: CB* :: ANx NM: PN”; but CB. = AB* — AC* 
SC CM? (Det. 4.), and AN x NM=CN=CA. * 
CN+CM =CN- CM x CN +CM = CN* = CM*= 
SCESN'— CM.; hence, CMP : SO C CM.: CNN 
5 ; SC*— - CM? SCE SN? - CM". F 
C PN. D — 


| bo gcc. abe X * — 50. X CM 22 80 X x 5N * cl arenen. 


add 9 to both 8 of the equation, and we. 
have 5. * . | 


"0? 3 


: the ſquare x root of which 3 Is $P= 


EW. 


| on THE HYPERBOLA; ; 
| ere r W. abc. 0 CMP=2SCx 8N x ter. 


„ 


'* 
* 
: * 


e e 
2. EX SC. 


=( $C* C. = BY) 


but = SN = 5b x coſ. PS M; therefore 5 2 = 


El +8C x $P x oof "47 | 
_— Oe 


. 


=S col PS 


"Pros: xX 


. 4 line be Dees from the in: to ay ivr if = : 
curve, and from that point a line be drawn perpendicular 


to 1 direftrix, theſe lines are ina 2. ratio. © 


— 


For er =£E F Cp. 8. * therefore SPV = 4 


CA. 5 AE — C4. A3. 3 7 


* 


$0 FRE FC e 82 


50 25 


3 and 40 Tri rigonometry, rad. = =1. : coll Pon, | 


Bo 
: FP, 95 = SC x PP (Prop. 18, „ : SN 
T4 BC x of PSI 3 
= TM- $C x col. PSW * therefore xp =7N 


87. wy SN =. ES BC x coſ. PS 


CMC, 
50x CM - 80. * col PB, hence, D PR 


"As 
b 


$C'=SNx80- *. : 
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oN "THE UYPERBOLA: 


un PN nen » to the axis H 83 den 
8 . B. MI. 12. 14+)" 


FiG. 


Fo OCE 208 x CN. 21 
PC. ＋ CS? (c Hi. 7208 (CH). ** r N 


3, PS PH: 2 POT 20 5 
and 2PC*= P8* + PH* — 2C83; 
but 2CD"=2ÞS x PH 3 16. Cor. 2) 


a 2. 20D PH — PS* 20 (Prop. 1 5 5 


410 20 (Def 4.) 440. 245. 4 240 5 
BC. AC 2B"; For as 2 9 =AC*= * 


B C'. 


ee RVA. EE. 
7 ROY. Be the axis of the I yperbala PAL, the dl 2 | 


5. gp= 8 
_ SC x 00% FSW 


FIG. 


Let PN be an ordinate to MAN ; then (Prop. 7.) 
CM.: CB* :: AN x MM: Pi; but CB = AB* AC. 
I CM* (Def. 4.), and AN x NM= CN CA x 
CN+CM =CN—CM x CN + CM = CN* — CM = 
Sc - CM; hence, CM.: SC*= CM*:: INN. 
: x 5 SC? — = CM? N = CM? _ 
CAT: : PN. — 2775 . 


| $0480" NN * 5 280? X cu e N CM*— Seit x804 A 


— 4 


TT | ch. 
add To to both ſides of the equation, bd ne 
have SP 3 + SV '= 8 


a 
2 
mr 


: 50 f 


on THE HYPERBOLA, - 


; 504.8 br W Aer — CM*=2SCx Nx CMP4CM 


ro 


em 


W £7 


CM - 


= (as $C* = CM = _ = BC"). 


but r SN SP x col. PSW, 
BE* + SC x SP x col. TL 
„25 . 
r 


"CM 
therefore 8 Ns 


 EM-SC col. FB a 


| el xix | 
072 a line be 8 from tie . to any Fr of * | 


curve, and from that point a line be drawn perpendicular 


to * direfrix, theſe lines are in a 8708s + ratio. 
; 94. 
For cy = FC ieee 
CA? = e 
8 e ee 
| 

= $ 72 and fy Trigonomery, rad. = 1 col on. 
BC. 


: 8, a = $Cx =. N 


20 wot PSW | 
CN N SC x col. PS. 


oy 


- 


therefore KP = = N = 


Cad f 


: the e ia of which is 28 es e. 


BC = "ek SC. T 


: (Fs op. 0 therefore SY = 


(Prop. 160, 8 * 


BC * 
8 + SN = == IC. 


CN BC 


Ve. 


BC) x col. PSI 


= SC x col. FS. 


80 ge "OE x col Pow” | hence, FP x 2K: J 
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cn «BC» 


cen Nn ex col. F dc = SC oof Faw a; 
2: SC: CM a conſtant ratio. 
17 3 Hence, SP: PK:: SA: 47 and as SA. 


is greater than A rg 8. Cor. 1. * * is TN 8 
fg TR" | 


4 ONEE 
| 


PRO. „ 


7 Amme the diameter of the circle of. n at 


any point of an_hyperbola, and the chords thereof which 
: paſs through the center and focus of the hyperbola.” 


Let PaLY be as circle of curvature at the ot 
P, 2v an ordinate to the diameter PG, and 2R 
Fa to Py; then (Prop. 13.), PS (2R) x vG 

A 7 2 . * 
2¹ :: PC: c, therefore = X PGO 
t 2 move to P, in the ultimate ſtate of the arc 2 
= - 7 But (Nzewrov's Prin Lid. x; 
Lem. 7. Cor.) the limit of the ratio of 2v : 2P is 
D 2 


a ratio of equality; ; therefore "FC BR 2 er ; 


hence dem. pag. 7. 75 * FP the chord f cure 


vature paſſing through No center C. Alſo, if LPF be 


perpendicular to PR, or CD, it muſt paſs through 


the center of the 1 hence, 75 fimilar . PV ag 
Pep. PF : C PV (# : PL= 202 


PF © 
the diameter of 8 Leah if PS (produced if; 
W interſect che circle 1 in a, and La be Jained, by 


An. 


8 
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d. ri; PEP, Pa, PE, or AG, (Cor. a. pr. 4): Pr 
: PL = 255 Pa = WO = the chord ar. 1 
dvature e A, the ys: e — 


Proe. XXI. 


Na a cone RL W be cut through the fide RL by a Sine FIG. 
AFG, which being produced will meet the other fide of 33* 


the cone WR produced i 10 ut M, "= 1 will be 
an hyperbola. * 


Let XP be a ection ths cone cate to RET 
baſe Lu, which being a circle, NX x NY=NP*; - 
draw R 2 parallel to the diameter 7X, and the tri- 


. angles RM 2, NMY, 0 A2R, AXN will be ſimilar ; 
hence, | 


( 


” __ 
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* _ 
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” k 3 F 24 vo 
—— — — ws r CET _—— —— —— 
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8 - - : n eee nee 
* ——— Wo Ira iD er RR” — — — 
tne — — re — ne eee = == — 3 — a : 
— 
ä —— 


42 2R AN: NX 
1: 2R :: NM : NY, + 


42x M2 2K. : : ANxNM: NAT. er 


but the two firſt terms are c quantities; 8 ER, 
fore AN« NM is to PN?* in a conſtant ratio; conſe- 1 


quently (Cor. Ly Prop. 7.9 the ſechien,) is an . 
| wROw major axis is . 5 


Hence, PORTER to our definition, the Hypertol 


is a conic ſection. 5 1 | | 
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58 ö ON THE THREE CON IC SECTION S. 


88 


e 


Given the diſtance of any point of a conic ſection from 
the focus, the latus rectum, and the pofition of * ä | 


to determine the conic Jection. 


ric. The diſtance 5b. and the poſit] tion of the tangent 5 


10, being given, the perpendicular SY will be given; now 


23. (Cor. 1. Prop. 6: of the Ellipſe and Hyperbola), 


S HP 
SP 


the curve is an ellipſe or hyperbola; ; therefore the latus 


7 gs ö 5 
rectum L (= ==. 7) = ; Ns T5 conſequently 
5 ee 
5 N L x SP” 


leſs than 4S7*; when therefore L x SP is leſs than 
Fic. 482, draw PH on the ſame fide of the tangent with 
10. SP, making an angle HPZ = £4 SPY, and take HP = 
L x SP 
N 


SP PH the major axis; and as Hp is known, HZ 
will be given; conſequently SY x HZ, or BC?, will be 


known, and therefore the ellipſe is determined. 


In the Hyperbola (Cor. 3. Prop. 6.), L x SP is 
greater than 487%; when therefore L* SP is greater 
FI6. than 48 T, draw PH on the other fide of the tangent _ 
23- in reſpect to wie making an 17 HP = = 4 SPY, and 


. Lx SH 


FIT LIP e 754 


take HP = = 


—=BC"; allo, 2AC= HP=SP, according as 


Now in the Elligſe (Cor. 3. Prop. PE PE SP 1s 


h 74 and H will be the other focus ; alſo, 


=. 2} 3 81 


ld 0 


| ON THE THREE cone SECTIONS, , 359 
II will be the other focus; alſo, Hp $P=the major 
axis; and as HP is known, HZ will be given; conſe - 
quently ST HZ, or BCi, will be known, ang there- 
fore the hyperbola is determined. 

In the Parabola (Cor. 3. Prop. 8.) L * $P= 487 5 
and in this caſe we have the following conſtruction. 
Make the angle TPM L. TPS, and take PM= PS, FI6- 

draw DME perpendicular to PM. through S draw ** 
- "BSL parallel to PM, and viſe SL in 4, and 4 will 


be the vertex of. the parabola, from whence * Para- 
bola i is determined. 


Prop. XXIII. 


Les S be the focus of a conic ſeftio, SR, SP, Sg, FIG. 
| * lines given in length and pops ition ; to-deſcribe à come 12. 
8 ſeftion through the three a Points R, P, 2. „„ 


* 0 
* 


._ Join PB, FR; and nioduce: ETD to a ak; * 
that 2a: Pa :: 28: PS, and Pb: Rö :: PS: RS, 
and through 45. draw xy, perpendicular to which draw 
SV, 2K, PL, RO; and in VS indefinitely produced, 
take VA : AS, and VM: MS, in the ratio of 2K : 
28, and MA is the major axis of the figure, which 
will be an ellipſe, parabola, or hyperbola, according 
as 2R is greater, equal to, or leſs than 2S;. this ap- 

3 pears by Prop. 17. Cor. of the Ellipſe, Def. 1. of the 


We Parabola, and Prop. 19. Cor. of the Hyperbola: and in - 

> | the firſt caſe, M lies the fame way from J that A does; ” 

| | 1n the ſecond cafe, M goes off in infinitum ; and ia 
| -the _ CY M oy © on the other fide of J. For 

| 28:1 FRE + P'. "1M * N 2K : PL; 


e ö 


/ 


ON THE THREE conc SECTIONS. q 

hence, PS: PL :: 28: 2K:: $4: AV :: SM: MP, 
Alſo, PS : RS :: PB: Rb :: PL : RO; hence 
Ni: RO :: PS: PL:: 28 2K :: S4: AF :: 
> $M : My. Thetefore (by the oropoſitigns: quoted 


above) R, P, 2 lie in a conic lection, whoſe focus 1 is , 
and major axis AM. A | 


By this propoſition, | the 415 of a ho may be 
found, having given three diſtances from the ſun, and 
the ee between them. | 
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. - b 


＋ 


— 


: 28: 2K :: $41 AV :: : SM: MP. 
Allo, : RS :: PU: Rb 3: PL: RO; hence, 
RS : RO :: PS: PL:: 28: AK:: SA: A : 

> WM: MV. Thetefore (by the propoſitions quoted 

5 above) N, P, 2 lie in a conic ſection, whoſe focus is 8, 


hence, PS: PL:: 


and major axis II. : 

By this propoſition, the orbit of a planet may be 
found, having given three diſtances from the ſun, and 
the angles between them. 1 
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